It has been conjectured that there are no homogeneous rotation symmetric bent Boolean functions of degree greater than two. In this paper we begin by proving that sums of short-cycle rotation symmetric bent Boolean functions must contain a specific degree two monomial rotation symmetric Boolean function. We then prove most cases of the conjecture in n = 2p, p > 2 prime, variables and extend this work to the nonhomogeneous case.
Introduction
A Boolean function in n variables can be defined as a map from V n , the n-dimensional vector space over the two element field F 2 , to F 2 . If f is a Boolean function in n variables, the truth table of f is defined to be the 2 ntuple given by (f (v 0 ), f (v 1 ), . . . , f (v 2 n −1 )) where v 0 = (0, . . . , 0, 0), v 1 = (0, . . . , 0, 1), . . . , v 2 n −1 = (1, . . . , 1, 1) are the 2 n elements of V n listed in lexicographical order. The weight or Hamming weight of f (notation wt(f )) is the number of 1's that appear in the truth table of f .
As described in [1, pp. 5-6] , every Boolean function on V n can be expressed as a polynomial over F 2 in n binary variables by:
f (x 0 , . . . , x n−1 ) = a∈Vn c a x a 0 0 · · · x a n−1 n−1 where c a ∈ F 2 and a = (a 0 , . . . , a n−1 ) with each a i equal to 0 or 1. The above representation is the algebraic normal form (ANF) of f . Let d i be the number of variables in the i-th monomial of f , so d i is the algebraic degree (or just the degree) of the monomial. If we let D be the set of the distinct degrees of the monomials in f which have non-zero coefficients, then the degree (notation deg(f )) of f is given by max(D). If D contains only one element, then each monomial in f has the same degree and f is homogeneous. If deg(f ) = 1, then f is affine, and if f is affine and homogeneous (i.e. the constant term is 0), then f is linear.
A Boolean function f is rotation symmetric (RotS) if its ANF is invariant under any power of the cyclic permutation ρ(x 0 , . . . , x n−1 ) = (x 1 , . . . , x n−1 , x 0 ). We will use the notation u ∼ v to indicate that there exists some 1 ≤ k ≤ n such that ρ k (u) = v. Clearly ∼ defines an equivalence relation on V n .
Let O n (x) denote the orbit of x under the action of ρ k , 1 ≤ k ≤ n, and let G n be the set of representatives of all the orbits in V n . Then a rotation symmetric Boolean function f can be written as
a 1j x 0 x j ⊕ . . . ⊕ a 12...n x 0 x 1 · · · x n−1 , where the coefficients a 0 , a 1 , a 1j , . . . , a 12...n ∈ F 2 , and the existence of a representative term x 0 x i 2 · · · x i l implies the existence of all the terms from O n (x 0 , x i 2 , . . . , x i l ) in the algebraic normal form. We call this representation the short algebraic normal form (SANF) of f .
Unless otherwise specified, all subscripts in any monomial will be taken mod (n) with entries in {0, 1, . . . , n − 1}. We may omit the modulus if it is clear from the context. Suppose f has SANF x 0 x i 1 . . . x i l , then we say f is a monomial rotation symmetric (MRS) function and call it full-cycle if |O n (x 0 , x i 1 , . . . , x i l )| = n. Thus if f is full-cycle then it contains n monomials in its ANF. If |O n (x 0 , x i 1 , . . . , x i l )| < n we say f is short-cycle. In this case f will contain n/w monomials in its ANF for some divisor w > 1 of n.
The Hamming distance between two Boolean functions f and g, denoted
The Walsh spectrum of f is the list of the 2 n Walsh coefficients given by W (f )(w) as w varies. Definition 1.2. A matrix H is called a Hadamard matrix of order n if it is an n × n matrix of ±1s such that
where H t is the transpose of H and I n is the n × n identity matrix. 
where A n is the set of all affine functions on V n .
From [1, pp. 76-77] we have the following equivalent definition of the bent property: Theorem 1.1. Let f : V n → F 2 be a Boolean function. Then the following are equivalent:
(ii) Mf = (f (u ⊕ v)) is a Hadamard matrix.
(iii) The nonlinearity of f is N f = 2 n−1 − 2 n/2−1 .
It is easy to observe that bent functions exist only for even dimensions. Let n be even and v = (a 0 , a 1 , . . . , a n−1 ); then we will use the notation v ′ = (a 0 , . . . , a n 2 −1 ) and v ′′ = (a n 2 , . . . , a n−1 ). Lemma 1.2. For n = 2, the degree of a bent function on V 2 is 2. For n > 2, the degree of a bent function is at most n/2.
Proof. The proof of this can be found in [1, pp. 80 ].
Rotation symmetric bent functions when n=2m
In this section we will consider rotation symmetric functions of any even degree n. We will first prove that any degree 2 rotation symmetric bent function must contain f 0 = n/2−1 i=0
x i x n 2 +i and then extend this to the case where f is composed of short-cycle MRS functions. We begin by proving the well known fact that f 0 is bent. To prove that any degree 2 rotation symmetric bent function, f , must contain f 0 , we will look at the matrix
) is a Hadamard matrix. We will first simplify the matrix M to a useful form.
(1)
Proof. Let v i = (a 0 , a 1 , ..., a n−2 , a n−1 ), so i = n u=1 a n−u 2 u−1 . ⇒: Assume
Thus, j = n u=1 a l+n−u 2 u−1 where 1 ≤ l ≤ n and
since indices are taken mod n.
Proof. By Lemma 2.3,
Lemma 2.5.
Proof. From (1) we have,
x i x m+i is the only MRS short-cycle function of degree 2 in n = 2m variables.
Proof. Let f be an MRS function with SANF x 0 x k . Suppose f is short-cycle, then f has 1 ≤ M < 2m monomials and
Thus {0, k} = {M, k + M }. Since 1 ≤ M < 2m = n then we have the following cases:
Thus f is a short-cycle if and only if k = m which gives f = f 0 .
We now have enough to prove that f 0 is the only homogeneous MRS bent function of degree 2:
Theorem 2.7. Let f be a rotation symmetric boolean function in n = 2m variables which has the SANF x 0 x k . Then f is bent if and only if k = m.
Proof. Assume k = m = n 2 . Then by Lemma 2.6, f is full cycle and we write f = n−1 i=0
x i x k+i . Then each variable x i , 0 ≤ i ≤ n − 1, appears in two distinct monomials in f and there are n (even) monomials in f . We will first show Fix i = I and let wt(v I ) = l. Suppose f (v I ) has r, s, and t monomials of the form x j x h with {x j , x h } = {1, 1}, {1, 0}, and {0, 0} respectively, so f (v I ) ≡ r mod 2. Since each variable x i appears in two distinct monomials of f , then by counting the number of times x i = 1 in f we see 2r+s = 2l and s must be even. Also, we know there are n monomials in f so r + s + t = n. Clearly f (v I ) = 0 ⇐⇒ r is even ⇐⇒ t is even, since s, n are both even and r + s + t = n. It is easy to see that f (
Hence for any i,
Hadamard. Thus by Theorem 1.1 f is not bent. The remainder of the theorem follows from Lemma 2.1.
Corollary 2.8. If n = 2m, then any degree 2 rotation symmetric bent
Proof. Assume f is a rotation symmetric function of degree 2. By [1, Th. 5.29, p. 83] we can assume f has only quadratic monomials, so f has SANF
a i x 0 x i where the coefficients a i ∈ F 2 . Let g k be the function with SANF
We have g k = a k n−1 i=0
x i x k+i when 1 ≤ k ≤ n − 1 and from the proof of Theorem 2.7, since a n/2 = 0 we knowĝ (2) gives: We will now look at rotation symmetric functions f = x i x m+i is the only bent shortcycle MRS Boolean function in n variables.
Proof. Let f have SANF x 0 x a 1 · · · x a d−1 and suppose f is a short-cycle function. Then the number of monomials in f is k where 1 ≤ k < 2m. Thus,
It is easy to see then that {0,
. . = {lk, a 1 + lk, . . . , a d−1 + lk} where lk < 2m. By Lemma 3.1 we know k must divide n = 2m, thus 1 ≤ k ≤ m. Thus by rotation symmetry the tuple {a i , a i + k, . . . , a i + lk} appears in each monomial of f , for every
where 0 < a 1 < a 2 < . . . < a g−1 < m. 
From the first term in the monomial, x i , we see that each monomial contains at least one element of the set {x 0 , x 1 , . . . , x k−1 }. Since k < m then k − 1 < m − 1. So if we let J = {m − 1, m, m + 1, . . . , n − 1}, then by Theorem 2.9 we have N f ≤ 2 n−1 − 2 m < 2 n−1 − 2 m−1 . Thus f is not bent by Theorem 1.1. x i x m+i .
Proof. Assume f is bent and no f i is f 0 . Then any short-cycle of the form in equation (3) has g > 1 and from the proof of Theorem 2.10 we see that each monomial in f contains at least one variable x i where i < m − 1. Thus if we let J = {m − 1, m, . . . , n − 1} then f does not contain any term x j 1 · · · x jt where t > 1 and j i ∈ J; hence from Theorem 2.9 we have N f ≤ 2 n−1 − 2 m < 2 n−1 − 2 m−1 . Thus f cannot be bent, contradiction. Therefore one of the f i is f 0 .
Homogeneous rotation symmetric bent functions when n=2p
Using ideas similar to those in section 2, we can prove that the only homogeneous MRS bent function in n = 2p variables, where p > 2 is prime, is
x i x p+i . By a different method, this result was proven for any n by Meng et al. [3, Th. 11, pp . 1114] Notice we have already proven this for some cases in section 2. For the remainder of the cases we must first further simplify (2) . To do this we will need a few facts about the rotation symmetric equivalence classes of V n .
Proof. O n (v i ) is the orbit generated by v i ∈ V n under the action of G where G is the group of left cyclic shifts. Thus |O n (v i )| = |G : G v i |, where 0, 1, 0, . . . , 1, 0), (0, 1, 0, 1, . . . , 0, 1)}. Let v i = (0, 1, 0, 1, . . . , 0, 1) 1, 1 , . . . , 1). So we have i = 
Proof. Let n = 2p where p is an odd prime. Then by Lemma 3.1,
which appears as the first term of (2) with 
Now suppose v i = (a 0 , a 1 , . . . , a n−1 ) ∈ G n and |O n (v i )| = p, then v ′ i = v ′′ i . So to consider the cyclic shifts of v i we need only consider the cyclic shifts of (a 0 , a 1 , . . . , a p−1 ). Notice v 2 n −1−i = (1 + a 0 , 1 + a 1 , . . . , 1 + a n−1 ) and we have (1 + a 0 , 1 + a 1 , . . . , 1 + a p−1 ) = (1 + a p , 1 + a p+1 , . . . , 1 + a n−1 ) so |O n (v 2 n −1−i )| = p as well. Since p is odd (1 + a 0 , 1 + a 1 , . . . , 1 + a p−1 ) will  have a different number of 1's than (a 0 , a 1 , . . . , a p−1 ) . Hence v i ≁ v 2 n −1−i since (a 0 , a 1 , . . . , a p−1 ) ≁ (1+a 0 , 1+a 1 , . . . , 1+a p−1 ) . Thus from Lemma 2.4, if |O n (v i )| = p, then grouping the corresponding terms in (2) by the equivalence class representatives gives 2pf (
Proof. From Theorem 1.1 f is bent if and only if M = 2 n I 2 n . Thus if f is bent then M 0,2 n −1 = 0. From (4) we see that in order for M 0,2 n −1 to be 0 we need the 2 which appears from the case
Assume f is bent, then (4) becomes:
The following corollary now proves that full-cycle homogeneous MRS Boolean functions in 2p variables cannot be bent.
Corollary 3.5. Let n = 2p where p is an odd prime. Let f be an MRS boolean function with SANF x 0 x a 1 x a 2 . . . x a d−1 . If the number of monomials in f is n, then f is not bent.
Proof. Using Theorem 1.1 we need only show M 0,2 n −1 = 0. If the number of monomials in f is n, then we havef (v 0 ) =f (v 2 n −1 ) since n = 2p is even. Thus M 0,2 n −1 = 0 so f is not bent.
We can now prove that f 0 is the only homogeneous MRS bent function. Proof. If the number of monomials in f is p then
Thus {0, a 1 , . . . , a a d−1 } = {p, a 1 + p, . . . , a d−1 + p} so each pair {x a i , x a i +p } appears in every monomial and f is of the form in (3). The result that d is even follows immediately since each monomial contains the pairs {x a i , x a i +p }. 
Since n = 2p then GCD(n, d) = 1, 2, p, or n and from Lemma 3.1 we know that the number of monomials in each f i is either 1, 2, p, or n.
(i) Suppose the number of monomials in f i for some i is 1, then since f i is rotation symmetric then f i = x 0 x 1 . . . x n−1 and d = n.
(ii) Suppose the number of monomials in f i for some i is 2, then f = x 0 x a i 1 . . .
. It is easy to see by induction that the first monomial contains all of the even indices and the second monomial contains all of the odd indices. Thus d = p.
(iii) Suppose the number of monomials in f i for some i is p, then from Theorem 3.7 f i is of the form in equation (3) . By Theorem 2.11 we know that any combination of these short-cycle functions is not bent, thus f must also contain a long-cycle and so l ≥ 1. If r is even then,
when f i is long-cycle. Thus by Lemma 3.4 f is not bent.
Remark. The previous Theorem says that any homogeneous RotS bent function must have even degree and contain an odd number of short-cycle MRS functions. If the degree is greater than 2 then it must also contain at least one long-cycle MRS function.
Lemma 3.9. Let n = 2p, p an odd prime, and f be a homogeneous RotS Boolean function in n variables with deg(
f i where for all 1 ≤ i ≤ s, f i is an MRS short-cycle function and for all s + 1 ≤ i ≤ l, f i is an MRS full-cycle function. Suppose
where r is the number of odd indices in {a i 1 , . . . ,
Proof. Since the degree of f is even, we know from the proof of Theorem 3.8 that any short-cycle is of the form in (3). Thus no short-cycle contains a term x j 1 . . . x jt where t > 1 and j 1 , . . . , j t are in the set J = {0, 2, 4, . . . , n−2, n−1} since deg(f ) Proof. Suppose d > (p + 3)/2. We choose J = {0, 1, 2, 4, . . . , 2p − 2} (so |J| = p + 1 and J has p even elements) in Theorem 2.9. The theorem applies since now no monomial x 0 x a 1 . . . x a d−1 can have all of its variables x j in J and also have a gap of length ≥ (n/2) + 1 in its index set (necessary for f to be bent by Theorem 3.10). Suppose the monomial x 0 x a 1 . . . x a d−1 has all of its variables x j in J and d > we have a gap of length p + 1 but only (p + 3)/2 indices, contradicting our assumption about d. Now Theorem 2.9 gives N f ≤ 2 n−1 − 2 p ≤ 2 n−1 − 2 n/2 < 2 n−1 − 2 n/2−1 , so f is not bent by Theorem 1.1, contradicting our hypothesis.
4 Nonhomogeneous rotation symmetric bent functions when n=2p
